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Abstract 

In this paper, we first propose a concept of weighted pseudo-almost periodic functions 
on time scales and study some basic properties of weighted pseudo-almost periodic 
functions on time scales. Then, we establish some results about the existence of weighted 
pseudo-almost periodic solutions to linear dynamic equations on time scales. Finally, as 
an application of our results, we study the existence and global exponential stability of 
weighted pseudo-almost periodic solutions for a class of cellular neural networks with 
discrete delays on time scales. The results of this paper are completely new. 
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1 Introduction 

The concept of pseudo-almost periodicity, which is a natural generalization of the notion 
of almost periodicity, was introduced in the literature more than a decade ago by C. Zhang 
[1-3]. Since its introduction in the literature, the notion of pseudo-almost periodicity has 
generated several developments and extensions, see, e.g., 015]. The concept of weighted 
pseudo-almost periodicity introduced in the literature in 2006 by Diagana [5]. The notion 
of weighted pseudo-almost periodicity has generated several developments since then, see for 
instance the references [6-8]. Among other things, it has been utilized to study the qualitative 
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behavior to various differential and partial differential equations involving weighted pseudo- 
almost periodic coefficients, see, e.g., [9-11]. 

On the other hand, dynamic equations on time scales offer a new direction in the study of 
dynamic systems which involve differential equations and difference equations as special cases. 
Their origin is connected with Stefan Hilger’s work HUGS]. In 1988, Stefan Hilger introduced 
the definition of a A-derivative. The common derivative and the common forward difference 
are special cases of the A-derivative. In fact, the progressive held of dynamic equations on 
time scales contains links to and extends the classical theory of differential and difference 
equations. For instance, by choosing the time scale to be the set of real numbers, the general 
result yields a result for differential equations. In a similar way, by choosing the time scale to 
be the set of integers, the same general result yields a result for difference equations. However, 
since there are many other time scales than just the set of real numbers or the set of integers, 
one has a much more general result. For these reasons, based on the concept of almost 
periodic time scales proposed in [UJ 13], the concept of pseudo-almost periodic functions on 
almost periodic time scales was formally introduced by Li and Wang (2012) in [IB]. Moreover, 
some first results were proven which concern the pseudo-almost periodic solution to dynamic 
equations on time scales. However, to the best of our knowledge, there is no concept of 
weighted pseudo-almost periodic functions on time scales yet, so up to now, there was no 
work on discussing weighted pseudo-almost periodic problems of dynamic equations on time 
scales before. 

Also, it is well known that cellular neural networks have been extensively applied in 
areas of signal processing, image processing, pattern recognition, optimization and associative 
memories. Since all these applications closely relate to the dynamics, the dynamical behaviors 
of cellular neural networks have been widely investigated. There have been extensive results 
on the problem of the existence and stability of equilibrium points, periodic solutions and 
almost periodic solutions of cellular neural networks in the literature. We refer the reader to 
[17-27] and the references cited therein. However, to the best of our knowledge, few authors 
have studied the problems of pseudo-almost periodic and weighted pseudo-almost periodic 
solutions of neural networks [2S, 29]. Moreover, it is known that the existence and stability of 
almost periodic solutions play a key role in characterizing the behavior of dynamical systems 
(see [30-36]) and pseudo-almost periodicity is a natural generalization of the notion of almost 
periodicity. Furthermore, because of the weights involved, the concept of weighted pseudo- 
almost periodicity is more general and richer than the concept of pseudo-almost periodicity. 

Motivated by the above discussion, in this paper, we first introduce the concept of weighted 
pseudo-almost periodic functions on time scales and study some basic properties of weighted 
pseudo-almost periodic functions on time scales. Then, we establish some results about the 
existence of weighted pseudo-almost periodic solutions to linear dynamic equations on time 
scales. Finally, as an application of our results, we study the existence and global exponential 
stability of weighted pseudo-almost periodic solutions for the following cellular neural network 
with discrete delays on time scales 

n n 

X?{t) = -Ci(t)xi(t ) + '^2a ij (t)f j (x j (t)) - Jij)) + Ii{t), t E T, (1.1) 

3 = 1 i =1 
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where i — 1, 2,..., n and T is an almost periodic time scale which will be defined in the next 
section, Xi(t) correspond to the activations of the ith neurons at the time t, c,(f) are positive 
functions, they denote the rate with which the cell i reset their potential to the resting state 
when isolated from the other cells and inputs at time t, Q>ij(t) and bij(t) are the connection 
weights at time t, 7 ^ are nonnegative, which corresponds to the finite speed of the axonal 
signal transmission, fft) denote the external inputs at time t, fi are the activation functions 
of signal transmission. For each interval J of M, we denote by Jj = J D T. 

The system (11.11) is supplemented with the initial values given by 

Xi(s) = ipi(s), i = 1 , 2 , 

where <£>$(•) denotes a real-value bounded right-dense continuous function defined on [-7,0 ]t, 
and 7 i = maxi< j < ri { 7 ij },7 = maxi< i < n { 7 i }. 

Throughout this paper, we assume that the following conditions hold: 

(Hi) fj G C(M,M) and there exist positive constants ocj such that 

I fj(u) - fj(v )| < aj\u - v\, u,v G I, j = 1,2,... ,n; 

(H 2 ) Ci, a,ij , bij are almost periodic functions on T, where i,j — 1,2,... ,n; 

( H 3 ) inf c t (t) > 0, — Ci G 7l + , r yij G II, i, j = 1, 2,..., n, where 1Z + , II will be defined in the 
next section; 

(i/ 4 ) For fixed u G U^. /,; (i = 1,2,... ,n) are weighted pseudo-almost periodic functions, 
where V T ^ V will be defined in the next section. 

Remark 1.1. If T = M, then (11.11) reduces to the following form 

n n 

x'i(t) = -Ci(t)x i (t) + ^2a ij (t)f j (x j (t)) + ^2b ij (t)f j (x j (t-'y ij )) + I i (t), i = 1,2,... ,n, t G M, 
3 =1 j =1 

( 1 . 2 ) 

if T = Z, then (11.11) reduces to the following form 

n n 

Xi(k + 1) - Xi(k) = - d(k)xi(t ) + y ^aij(k)fj(xj(k)) + ^ b ij (t)f j (x j (k - 7 ^)) 

3 = 1 i =1 

+/j(fc), i = 1, 2,..., n, k G Z. (1.3) 

To the best of our knowledge, there is no paper published on the existence and exponential 
stability of weighted pseudo-almost periodic solutions for (jl.2j) and (11.31) . 

The organization of the rest of this paper is as follows. I 11 Section 2, we introduce some 
definitions and make some preparations for later sections. I 11 Section 3, we propose a concept 
of weighted pseudo-almost periodic functions on almost periodic time scales and study some 
their basic properties. In Section 4, we study the existence of weighted pseudo-almost periodic 
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solutions to linear dynamic equations on time scales. In Section 5 and Section 6 , based on 
the results obtained in the previous sections, Banach’s fixed point theorem and A-differential 
inequalities on time scales, we present some sufficient conditions which guarantee the existence 
and global exponential stability of weighted pseudo-almost periodic solutions to (11.11) . In 
Section 7, we present examples to illustrate the feasibility and effectiveness of our results 
obtained in Section 5 and Section 6 . 


2 Preliminaries 


In this section, we shall first recall some basic definitions and prove some lemmas. 

Let T be a nonempty closed subset (time scale) of M. The forward and backward jump 
operators cr, p : T —)• T and the graininess p : T —>- K + are defined, respectively, by 


cr(t) = inf{s 6 T : s > t}, p(t ) = sup{s G T : s < t} and p{t) = a{t) — t. 


A point i 6 T is called left-dense if t > infT and p(f) = t, left-scattered if p{t) < t, 
right-dense if t < supT and cr(t) = t , and right-scattered if a{t) > t. If T has a left-scattered 
maximum m, then = T \ {m}; otherwise T k = T. If T has a right-scattered minimum m, 
then Tfc = T \ {m}; otherwise Tk = T. 

A function / : T —)■ R is right-dense continuous provided it is continuous at right-dense 
point in T and its left-side limits exist at left-dense points in T. If / is continuous at each 
right-dense point and each left-dense point, then / is said to be continuous function on T. 

For y : T —> R and f 6 T k , we define the delta derivative of y(t), y A (t), to be the number 
(if it exists) with the property that for a given e > 0, there exists a neighborhood U of t such 
that 

\[y{a(t)) - y(s)] - y A {t)[a{t) - s]\ < e\a(t) - s\ 

for all s G U. 

If y is continuous, then y is right-dense continuous, and if y is delta differentiable at t, 
then y is continuous at t. 

Let y be right-dense continuous. If Y A {t ) = y(t), then we define the delta integral by 
J t a y{s)As = Y(t) — Y(a). 

A function r : T — > M is called regressive if 1 + p(t)r(t) ^ 0 for all t G T k . The set of all 
regressive and right-dense continuous functions r : T —> R will be denoted by 77 = 77(T) = 
77(TT,M). We define the set 77 + = 77 + (T,K) = {r G 77 : 1 + p(t)r(t) >0, Vf G T}. 

If r is regressive function, then the generalized exponential function e r is defined by 

e r (L s) = exp < / ^ (T )(r(r))Ar , fors,tGT, 


with the cylinder transformation 


6.(*0 


Log(L±M if ^ 0? 

z if h — 0 . 
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Let p, q : T —> R be two regressive functions, we define 


pG q := p + q + ppq, Qp := —--, p © q := p © (Gq). 

1 + HP 

Then the generalized exponential function has the following properties. 


Lemma 2.1. fiTl\ \T8] Assume that p, q : T —» R. are two regressive functions, then 
(i) eo(t, s) = 1 and e p (t, t) = 1; 


(ii) e p (cr(t), s) = (1 + p(t)p(t))e p (t, s); 


(Hi) e p (t,a(s )) 


e p (t,s ) . 
i+mO )p(s) 7 


e p (i,s) e 0p(^ s )f 

(v) (e ep (t,s)) A = (Gp)(t)e ep (t, s). 


Definition 2.1. For ever?/ x,y € M, [x, ?/) = {t G M : x < t < y}, define a countably 
additive measure mi on the set fo. = {[a, b) D T : a, b e T, a < b}, that assigns to each interval 
[a, b) flT its length, that is mi([a,b) = b — a. The interval [a, a) is understood as the empty 
set. Using mi, it generates the outer measure m\ on P( T), defined for each E e P( T) as 


m\(E) 


inf K { £»<=/*(&» - a*)} e R + , beT\E, 
+oo, b e E, 


with 


& = <! {[di, hi) n T G : 4 C N, F C (J ([a*, b t ) n T) 




^4 set A C T 25 said to be A- measurable if the following equality: 


m\(E) = m\(E n A) + m\(E n (T\A)) 

holds true for all subset E of T. Define the family Al(m*) = {A C T : A is A-measurable}, 
the Lebesgue A-measure, denoted by pa is t/ie restriction of ml to Al(m*). 

Definition 2.2. 139.] We say that f : T —>■ M = [—oo, +oo] is A -measurable if for every 
a£l, the set / _1 ([—oo, a)) = {t G T : f(t) < a} is A-measurable. 

Lemma 2.2. \39] Let ACT. Then A is A-measurable if and only if A is Lebesgue measurable. 

By using Lemma 12.21 we can get the following two corollaries: 

Corollary 2.1. If A is a closed subset o/M, then A D T is A-measurable. 

Corollary 2.2. If f e C(T,M), then f is A-measurable. 
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Theorem 2.1. {39] Let E C T be a A-measurable set and let (/ m )meN be a sequence of 
IS.-measurable functions such that for every teT the following conditions are satisfied: 

(a) 0 < f m (t ) < < oo for all m G N,- 


0 ) lim f m (t) = f(t). 

m—yoo 

Then f is A-measurable and linim^oo f E f m (s)As = f E f(s)As. 

Definition 2.3. [14\ \T5f A time scale is called an almost periodic time scale if 

n := {r G R : t ± r G T, Vt G T} ^ {0}. 


In this paper, we restrict our discussions on almost periodic time scales. 

Lemma 2.3. IJU\ I If T is an almost periodic time scale and r G II, then aft + r) — aft) + r 
for t G T. 

Corollary 2.3. If T is an almost periodic time scale, then pit + r) = fift), Vt G T, r G II. 

Lemma 2.4. Let T be an almost periodic time scale. If f : T —> M is right-dense continuous, 
then 

r*b rb-\-T 

/ f(t + r)At = / f(t)At, 

J a Ja+r 

where a, b G T, r G II. 


Proof. Let Fft ) be an antiderivative of fft) and Gft) := Fft + r) for all t G T. Since t is right- 
scattered or right-dense if and only if t + r are right-scattered or right-dense, respectively, 
Gft) is a continuous function. 

Case (1): If t is right-scattered, then Gft) is differentiable at t and 


G A (f) = G(a(t)) - Gft) = F(aft) + r) - Fft + r) 
pit) pit + r) 


F(a(t + r)) - Fft + t) 
pft + r) 


f{t + r). 


Case (2): If t is right-dense, since F is differentiable at t, lim - ^ exists and is a finite 

number. In this case fft) = F A (t) = lim JALhAAl^ so 


s—yt 


s—yt 


F(t + T)-F(s) Fit +t) -F(s + t) G(t) - G(s) 
fit+ t) = lim — i - - - p-L = lim — ^ - ’ - v — = lim - — 

s'^t+T t + T — s S-H t + T — {s + t) S-H t — S 


= G A (t). 


Therefore, for both cases we have G A (t) = fft + r) for all t G T. Consequently, 

rb+r rb 

/ fft)At = Ffb + T)-F{a + T) = Gfb)-G{a)= fft + r) At. 

J a+r «/ a 

The proof is complete. 
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+oo 

Example 2.1. Consider the time scale T = (J [2k,2k+l\. Let f be a right- dense continuous 

k =—oo 

function. Obviously for this time scale, 2 G II and 

f2 nl ra(l) 

/ f(t + 2)At = / f(t + 2)dt + f(t + 2)At= / f(t)dt + fi{l)f{3)= / f(t)dt + f( 3), 
Jo Jo j 1 J 2 J 2 

/*4 /»3 /»cr(3) /»3 /»3 

/ /(*)A* = / /(*)<** + / f(t)At= / f(t)dt +p(3)f(3) = / f(t)dt + f( 3). 

J 2 J 2 J3 J 2 J 2 

Now, for convenience, we introduce some notations. We will use x = (xi, x 2 ,..., x n ) T G R n 
to denote a column vector, in which the symbol T denotes the transpose of vectors. We let 
|x| denote the absolute-value vector given by |x| = (|xi|, |a? 21 , ■ • •, \x n \) T , and define ||x|| = 
max \xi\. 

l<i<n 

Let BC( T, R”) = {/ : T —» R n |/ is bounded continuous function on T} with the sup-norm 
defined by ||/||oo = sup ||/(£)||. It is easy to check that (BC( T,R n ), || • Hoc) is a Banach space. 

teT 

Definition 2.4. fTf\ \15f Let T be an almost periodic time scale. A function f G (7(T, R n ) is 
called almost periodic if for each £ > 0 , there exists l e > 0 such that every interval of length 
l e contains at least a number r G II with the following property 

\\f(t + r) - /(£)|| < e, VteT. 

The collection of all almost periodic functions which go from T to R n will be denoted by 
AP(T, R n ). AP(T, R n ) equipped with the sup-norm is a Banach space. 

Definition 2.5. IWj A function f G C(T, R n ) is called pseudo-almost periodic if f = g + h, 
where g G AP(T,R n ) and h G Pv4P 0 *(T, R n ) := {<p G PC(T,M n ) : p is A-measurable such 

that lim A. j’J+J' |<^(s)|As = 0} ? where t G T, r G n. 

Definition 2.6. The weighted pseudo-almost periodic solution x*(t) = (x*(t), x^ft), ..., x* n {t)) T 
of system (II.ip with the initial value p*{t) = (p*(t),(p 2 (f),..., <p* (t)) T is said to be glob¬ 
ally exponentially stable. If there exist a positive constant A with ©A G 1Z + and M > 1 
such that every solution x(t) = (xi(f),x 2 (t),... ,x n {t)) T of system ( 11 . 11 ) with the initial value 
<p(t) = (<£>1 (£), P 2 (t),..., p n (t)) T satisfies 

||x(£) — x*(f)|| < Me e x(t,to)\\if\\oo, Vt G (0, +oo) T , 

where 

Halloo = sup max | <pi(t) - p*(t) |, t 0 = max{[-u, 0 ] T }. 
te[-7,o] T l < l < n 
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3 Weighted pseudo-almost periodic functions on time 
scales 


Let U denote the collection of functions (weights) u : T —* (0,+oo), which are locally 
integrable over T such that u > 0 almost everywhere. Let u G U, for r G II with r > 0, we 
denote 

u(Q r ) := / u(x)Ax, 

J Qr 

where Q r := [t—r , t+r] t (t = min{[0, oo)t}). If u(x) = 1 for each x G T, then lim u(Q r ) = oo. 

r—>oo 

Consequently, we define the space of weights U^ by U^ := { u G U : inf u(t) = u 0 > 

0, lim u(Q r ) = oo}. In addition to the above, we define the set of weights U# by Ug := (ug 

Uoo : sup u(t) < oo}. 
te t 

Definition 3.1. Fix u G U^. A continuous function f : T —> R n is called weighted pseudo- 
almost periodic if it can be written as f = h + ip with h G AP(T, R n ) and tp G PAP 0 (T , R n , u ), 
where the space PAP 0 (T, R n , u) is defined by 


PAP 0 (T, R n , u) = life BC( T, R n ) : lim 


r^+oo u(Q r ) J Qi 


||^(t)||n(t)At = 0 


PAP 0 (T, R n , u) is called translation invariant ifip G PAP 0 (T, R n , u), then <p T G PAP 0 (T, R n , u), 
where r G II and <p T (t) = (p(t — r). 

All weighted pseudo-almost periodic functions which go from T to R", will be denoted by 
PAP( T, R n , u). By Definition 2.5, it is easy to see that the decomposition of a pseudo-almost 
periodic function on time scales is unique. This is not always the case for weighted pseudo- 
almost periodic functions (see Example 13.II) . In fact, the uniqueness of such a decomposition 
depends upon the translation-invariance of the space PAPq(T, R n , u). 

-f-oo 

Example 3.1. Consider the almost periodic time scale T = (J [2k, 2k + 1]. Let u(t ) = e^. 

k=—oo 

Obviously inf u(t) = 1 > 0, II = 2Z, and 


r>2fc 


lim u(Q r ) = lim 

r—» oo k—>oo 


t 


-2k 


= lim 

k—too 


r— 2fc+l 


fcr(—2fc+l) 


r>-2fc+3 


e dt + 


e~* At + 


e l dt 


'-2k 
ff(-2fc+3) 


' —2fc+l 


'—2k+2 


—1 


+ 


+ 


e~ l At + ... + 


e l dt + 


' —2fc+3 


' -2 
r a ( 3 ) 


'-1 


e t At + / e^dtF 


e t At + ... + 


a 


!) { 
e~ l A t+ / 

1 

e t dt 

Jo 

/•2k—1 

/ e t dt + 

pa(2k—l) 

/ e t At 

J 2k—2 

J 2k— 1 







= lim [e 2k - 1 + 2 (e 1 + e 3 + ... + e 2 ^ 1 )] = oo, 

k —^OO 

which implies that u E Uoo. If zs easz/ to see that f(t ) = (sin(27rf),sin(47rf)) T E AP(T,R 2 ). 
For eac/z z E N, we have 



sin(27rf)|e^ At 



sin(27rf)|e 


0 , 


f<r(-2i+l) 


' —2i+l 


sin 


( 2 7 ri)|e |t| At = n(—2i + 1 )| sin(27r(-2z + l))|e l_2<+11 = 0 , 


f 2 i —1 


' 2 i —2 


sin(27rt)|e l * l At = 


r-2i-l 


' 2 i —2 


sin(27r/:)|e t (it = 0, 


ffr(2i—1) 


' 2 i —1 


Sill 


( 2 7 rt)|e |t| At = n(2i - 1)| sin(27r - 2 z + l))|e |2i_11 = 0, 


so Jq | sin(27rf)|e^At = 0. Similarly, ■^pj Jq | sin( 47 rt)|e^At = 0, that is, f{t ) E 
AP(T,R 2 ) n FAP 0 (T, R 2 , u). 

Similar to the proof of Theorem 2.1 in [4T], we have 

Theorem 3.1. Suppose that u E Uoo and for any t E IT lim is finite, then lim 


1 1 1—^ —(— OO 


1 1 1—^-|-oo 


is finite and PAP 0 (T, R", u) is translation invariant. 

Based on Theorem 13.11 we introduce the following new set of weights, which makes the 
spaces of weighted pseudo-almost periodic functions translation invariant: 


U 1 ™ := { u E Uoo : for all s G II, lim 


-u{t + s ) 


|i|-Kx> u(t) 


< OO 


By Definition 13.11 and the definition of U^/, one can easily show that 

Lemma 3.1. Let u G U^ u . If f,g E PAP(T, R n , u), then f + g,fg G PAP iff, R n , u); if 
f E P APiff, R n , u), g G APiff, R n ) ; then fg G PAPff, R n ,tz). 

Theorem 3.2. Let u G If f G P APiff, R n , u), then there exist a unique g G APiff, R”) 
and a unique h E PAP 0 ( T, R n , u) such that f = g + h. 

Proof. Suppose that / ^ 0 and / G APiff, R n ) D PAP 0 (T, R ra , u). Then there exists ai 0 eT 
such that /(to) 0. One can assume that there exists 5 > 0 such that ||/(to)|| > 25. Dehne 

B s := {t G n : ||/(f 0 + r) - /(t 0 )|| < h} 

for every r > 0 and r E II. For any t E \t—r,t+r]j (f = min{[0, +oo) T }), since / E APiff, R”), 
there exists Is > 0 and r E [t — Is, t]x D Bs, we have 


t = t + (t - t) G (t - t) + B s C \J(s + B s ). 

sGT 
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On the other hand, [t — r,t + r]i is a bounded closed subset of M, so [t — r,t + r]j is a compact 
subset of M, then there exist Si, s 2 ,..., s m E T such that 


[t — r,t + r] T C |J (s fc + B s ). 


k= 1 


Noticing that 


11/(0 + t)\\ > ||/(0)|| - ||/(0 + t) — /(0)|| > <5 


for all t E Bs . For every t E [t — r , t + r]j, there exists an i E {1,2,..., m} such that t — SiE Bs, 
hence || f(t — s* + 0)|| > 0 Set 

F(t) = II f(t + 0)|| + || f(t + 0 — Si)|| + || f(t + 0 — s 2 )|| + ■ ■ ■ + ||/(t + 0 — s m) || • 

One can easily see that F(t) > 5 for all t E \ t — r,t + t]t. So 



(3.1) 


Using the fact that PAP 0 (T, M n , u) is translation-invariant and / E PAP 0 {T, M n , u ), it follows 
that f(t + 0), fit + 0 — Sk) (k = 1, 2,..., m) E Pv4P 0 (T, M", u ), that is, 



and 



which contradict (13. ip . and hence AP( T, M n )nPAPo(T, M n , u) = {0}, that is, PAP( T, M n , u) = 
AP(T, M. n ) 0 PAP 0 (T, R™, u). The proof is complete. | 

Lemma 3.2. Let u E If f — g + h E PAP{Y, M n , u), where g E ,AP(T,K n ) ; then 

S/T) C /(T) and < 11/||oo- 

Proof. If we suppose that g(T) C /(T) does not hold, then exist 0 G T and £q > 0 such that 
inf se T 11^(0) — /(s) || > £o- Using the continuity of the function g, there exists 5 > 0 such that 
for f e (0 - 5, 0 T 5) O T, ||g(f) — #(0)11 < y- Since g E AP( T, K n ), there exists /a > 0 such 
that every interval of length U o contains a r 6 II with the property that 


\\g(t + t) - g(t)\\ <|, f£ T. 


So 


\\Ht + r)\\ = \\f(t + T~) — g(t + r)|| 

> II fit + r) - c/(t)|| - \\git) - g{t + t)|| 
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which implies that 


> II/(* + T ) - £/(^o)|| - ||tf(0) - git )II - ||s(*) - g(t + r)|| 

> —, Vt G (to — 8,to + 5) (1 T, 

lim 7777T [ + r )IM*) At > T 

r^oo u( 4 / r ) J Qr 4 

and this is a contradiction. The proof is complete. | 

Lemma 3.3. Let u G If (f m )mm C APA(T, R rt , w) srtc/i that lim \\f m — f\\oo = 0, 

m—>•+oo 

t/ien / G PAP(T, R n , it). 

Proof. Since (/ m ) me N C PAP(T, R n , u), there exist (# m ) mG N C AP(T,R n ) and (h m ) meN C 
PAP 0 (T, R n , u) such that f m = g m + h m , Vm G N. According to Lemma HhTl and Theorem 
ECU we have f s - f m = (g s - g m ) + {h s - h m ) G PAP(T, R n ,w), ^ G AP(T,R n ) and 
h s — h m G PAP 0 (T, R n , it). From Lemma 13.21 it follows that | |<7 S — p m | |oo < \\fs ~ fm\\oo- Since 
lim || f m — /| |oo = 0 it follows that (f m )me n is a cauchy sequence, and ||g s — g m ||oo —> 0 as 

m—>oo 

s, m —* +oo too, that is, (f/ m ) meN is a cauchy sequence. Using the fact that (AP(T, R n ) , 11 • | |oo) 
is a Banach space, it follows that there exists g G AP(T,R n ) such that lim \\g m — (?||oo = 0. 

m—»• oo 

Let h = f — g, it is easy to see that lim \\h m — h ||oo = 0, which yields that h G BC( T,R n ). 

m—> oo 

On the other hand, 

-7777/ ||Mf)IK*)A* = -7777 [ \\h{t) - h m {t) + h m (t)\\u(t)At 
u{Qr) JQ r V'iQr) JQ r 

< -777T [ \\h(t) - h m(t)\\u(t)At+ f ||M*)|Kt)At 

«(< 3 r) u{Qr) J Q _ r 

< \\h m ~ ^-1 |oo + - 777 T [ \\h m (t)\\u(t)At. 

u iQr) JQ r 

Letting r —> 00 , it follows that 

lim 1 [ ||/r(t)||w(t)Af <|| h m - /i||oo- 

r-^oo u{Q r ) J Qr 

Letting m —> 00 in the previous inequality, we get 

l im -7777 [ IIM*)IK*)A* = °> 

r->oo u(Q r ) J Qr 

that is, h G PAP 0 (T, R n , it). The proof is complete. | 

Corollary 3.1. Let u G T/ien [PAP{ T, R ra ,w), || • U^) is a Banach space. 

Proof. By Lemma HOI PAP(T, R n ,w) is closed and PAP(T, R n ,w) C BC(T, R n ). Therefore, 
(PAP(T, R n , u), || • | |oo) is a Banach space. The proof is complete. | 
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Lemma 3.4. Let u G If f : M —> M satisfies the Lipschitz condition and (p G 

PAP(T , M, u ), r G II, then T : t —> — r)) belongs to PAP(T, M, u). 

Proof. Since </? G PAP(T , M, w), there exist G AP(T, M) and tp 2 £ P^4Po(T, M, u) such that 
<P = <Pi + ^ 2 - Set 

rO) = /OO - r)) = fivfit - r)) + [/(<pi(t - r) + </? 2 (f - r)) - /Oi(f - r))] := Ffit) + V 2 ft). 

First, we prove that T] G AP(T, M). Since / satishes the Lipschitz condition, there exists a 
positive constant L such that |/('Ui) — f{u 2 )| < L\u\ — it 2 |, Wu\,u 2 G R. For any £ > 0, since 
ipi G AP(T, R), it is possible to hnd a real number l = fie) > 0, for any interval with length 
fie), there exists a number a = a(e) G II in this interval such that \(pfit + a) — <pfit)\ < -§ for 
Vt G T, then 

|Fi(t + a) — Fi(t)| = + a — t)) — f((fi{t - r))| < L\cpfit + a - r) - ipfit - r)| < e, 

which implies that Fi G AP(T, R). Next we prove that T 2 G PAPq(T, R, u). Since </? 2 G 
PAP 0 (T, R, u), by using Theorem 13.11 we have <p 2 (t — r) G PAP 0 (T, R, u), so 

lim ~Tn \ l l r 2 (t)\u(t)At= lim —f \f{<pi(t - t) + <p 2 (t - r)) - /(y>i(* - r))|u(t)At 

r->-oo U{CJr) Jq r r—>oo U\LJ r ) Jq t 

- lim “77TT f \Mt~ T )Ht)At = 0, 

r^oo u{Q r ) J Qr 

which implies that T 2 G PAP 0 (T,R,u). Consequently, F G PAP(T,R,u). The proof is 
complete. | 


4 Weighted pseudo-almost periodic solutions of linear 
dynamic equations on time scales 


Consider the non-autonomous equation 


x A = Affix + Fft) 

and its associated homogeneous equation 

(4.1) 

x A = A(t)x, 

(4.2) 


where the n x n coefficient matrix Aft) is continuous on T and the column vector P = 
(/i, / 2 ,..., f n ) T : T —» R n . Define ||F|| = sup ||F(t)||. We will call Aft) is almost periodic if 

teT 

all of its entries are almost periodic. 
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Definition 4.1. flJfj Equation (14.2p is said to admit an exponential dichotomy on T if there 
exist positive constants k , a, projection P and the fundamental solution matrix Xft) of (14.2p . 
satisfying 

||X(£)PA A_1 (cr( s ))llo < ke ea (t,a(s)), s,t e T, t>a(s), 

\\X(t)(I - P)X _1 (cr(s))|| 0 < ke ea (a(s),t), s,t e T, t < a(s), 
where || • || 0 is a matrix norm on T. 

Lemma 4.1. Suppose a > 0, then 

e ea (t, s ) < exp ( a _ (t - s) ) , Vs < t, 

V1 + h a J 

where p = sup p(f). 
igt 

Proof. For every r G T, if p(r) = 0, then 


if p(r) > 0, then 


£/4 T ) (© a ) 


—a 

1 + p(r)a 


= —a < 


—a 

1 T 1 T [M 


t _ log(l+ /i(r) ©a) _ iogl 1 M r ) 1 +A T(r)a) _ - log(l + /i(r)a) 

— / x — / x — /x 

p(t) h(t) h(t) 

~M r ) a 

1 +/i(r)a d Cl 

— p(r) 1 + p(r)a ~ 1 + pa 


Thus, we have 

£m(t)(©®) < , _ , Vr G T, 

1 + pa 

so 


exp 


—a 


1 + pa 



The proof is complete. 


Lemma 4.2. JTS] Let Gift ) &e an almost periodic function on T, where Cift ) > 0, — c*(t) G 
7?. + , i = 1, 2,..., n, Wt G T and min (inf q(£)} = m > 0, then £/ie linear system 

x A (t ) = diag(—ci(t), -c 2 (t),..., -c n (t))x(t) 
admits an exponential dichotomy on T. 

Theorem 4.1. Letu G U^© Assume that Aft) is almost periodic, (14.2p admits an exponential 
dichotomy and the function F G PAP 0 (T, M n , u). Then (14. ip has a unique bounded solution 
x G PAP 0 ( T, M", u). 
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Proof. Similar to the proof of Theorem 5.1 in [16], we have 

/ t /»+oo 

X(t)PX-\a(s))F{s)As- / X(t)(I - P)X~ 1 (a(s))F(s)As 
-oo J t 

is a unique bounded solution of (14.11) . Next, we will show that x G PAP 0 (T, M n , u). Let 


r»+oo 


I(t)= / X(t)PX-\a(s))F(s)As, H(t) = / X(t)(I - P)X-\a{s))F(s)As. 

J — OO J t 

By using Lemma 12.31 Lemma 14.11 and in view of Definition 14.11 we can get 
lim —I ||J(f)||u(t)At = lim —[ || [ X(t)PX-\a(s))F(s)As\\u(t)At 

r ^oo Uylotr) jQ r r_HX> U{^ r ) J q t J _ oq 

-i (* ft 


«(<?,) 4Q r 

i r rt 


< lim —- 

r^oo u(Q r ) JQ r J- oo 

, l r . F 

~ r^oo u(Q r ) J Qr J -oo 
i r rt 


< lim - 77 : 
r^°°u(Q rJjQr 

f + OO 


( / IIXWPX-'tatslJllllFWIIAsJuWAJ 

J — OO 

( [ Ke ea (t, cr(s))||F(s)|| As)ri(t)At 
( j AT-^ (t - CT(s)) ||F(s)||As)u(t)Af 
AT-^ (t - s - fc) ||F(s)||As)u(t)Af 


= lim 


r-HX) u(Q r 


( / Ke !+«a s ||A(t — s — k)\\As)u(t)At 


tr) jQ r J-k 
r +00 ^ 1 /* 

= lim / Ke~ T +^ s (——— / II F(t — s — A;)||«(f)At)As, 

f-k U{Q r ) J Qr 


r—> oo 


where k(> 0) G II. Consider the following function 

1 


r r (s) = 


u(Q. 


||A(t — s — k)\\/i(t)At. 


r) JQ r 


Obviously, T r (s) is bounded. By using Corollary 12.21 we have that T r (s) is A-measurable and 
by using Theorem 13.11 we can get lim T r (s) = 0. Consequently, by Theorem 12.11 we obtain 


1 f f+°° a 

lim ——— / ||/(t)||u(t)Af = lim / A'e _1 +“« s T r (s)As 

■^00 u(Qr) J Qr r ^°° J-k 

/ +oo 

lim (AV 1 +““T r (s))As = 0. 

-k r ^°° 


(4.3) 


By using Lemma 12.31 Lemma 14.11 and in view of Definition 14.11 we can obtain 

1 


lim ——- / \\H(t)\\u(t)At 

r^oo u(Q r ) J Qr 
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-i p p+oo 

= lim “7777 / 11/ ^(t)(/-P)X~ 1 (a(s))F(s)As||w(t)At 

r^oo u{Q r ) J Qr J t 

-i p p+o o 

< lim -wvvw / ( / ||X(t)(/-P)A- 1 (a( S ))||||P( S )||A S )n(t)At 

r^oo w(Q r ) J Qr J t 

< lim —[ (Ke ea (a(s),t)\\F(s)\\As)u(t)At 
r^oo u(Q r ) y Qr 

-1 p p+o o 

< lim / ( / A"e“ x +““ *) || A(s) || As)w(t) At 

r -*°° u(Q r ) J Qr y t 

-| p p+oo 

< lim / ( / K e ~i+uA s ~^ ||F(s)|| As)u(t)At 

r^oo u(Q r ) J Qr J t 

i p p+o o ^ 

= lim / ( / A'e _T +^“ s ||P(s +t) II As)u(t)At 

r^oo u{Q r ) J Qr J o 

/• + 00 -| p 

= lim / ATe~i+^ s ( / ||F(s + t||u(t)At) As. 

r ^°°Jo U(Q r ) J Qr 

Let 

A(s) = “7777 f H F ( S + 

U\Qr) J Q r 

It is easy to see that P r (s) is bounded. By using Corollary 12.21 we see that T r (s ) is A- 
measurable and by using Theorem 13.11 we have lim T r (s) = 0. Consequently, by Theorem 

r—»• oo 

[All we get 


lim — 

r—>oo Zi 


l 

(Qr) 



||P(t)||u(t)At 


r»+oo 


lim / 

r->°o y ( 
r+oo 


A"e 1 + u “ s A r (s) As 


lim (ATe i+««* s T r (s))As = 0. 


From (I4.3j) and (14.41) . we have 

lim “7777 [ II^WIK*)^ < lim [ (||/(t)|| + ||P(t)||)u(t)At = 0, 

r->oo U{LJ r ) Jq r r->oo U\LJ r ) JQ r 

which implies that x(t) G PAPq(T, M n , u). The proof is complete. 


(4.4) 


Theorem 4.2. Let u G Suppose that Aft ) is almost periodic and (4-2) admits an 

exponential dichotomy. Then for every F G PAP(T, M ra , u), (4-1) has a unique bounded 
solution x F G PAP(T, M n , it). 


Proof. Since F G PAP( T, R n , u), F = G + H where G G AP( T, R n ) and H G PAP 0 (T, R n , u). 
According to the proof of Theorem 14.11 the function 


r»+C50 


Xp = 


X{t)PX-\a(s))F{s)As- / X(t)(I - P)X~\a(s))F(s)As 
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r»+oo 


X(t)PX~\a{s))G{s)As - 

X) 

f X(t)PX~ 1 (a{s))H{s)As 

—oo 

:= Xq + x H 

is the unique solution of (14. ip . where 


X(t)(I - P)X-\a(s))G(s)As 


r»+oo 


X(t)(I - P)X-\a(s))H(s)As 


r*+oo 


x G := 


X(t)PX-\a{s))G{s)As- / X(t)(I - P)X~ L ((r(s))G(s)As, 


r»+oo 


X H ■■ = 


X(t)PX~\a(s))H(s)As 


X(t)(I - P)X-\a(s))H(s)As. 


By Theorem 4.1 in [2], xq £ AP(T, M n ). By Theorem 14.11 Xu £ -Pv4P 0 (T,R™, u). Therefore, 
Xf £ PAP(T, R n , u). This completes the proof. | 


5 Existence of weighted pseudo-almost periodic solu¬ 
tions of cellular neural networks on time scales 

In this section, we will use Theorem 14.21 to study the existence of weighted pseudo-almost 
periodic solutions of system (II.ip . 

Theorem 5.1. Let u £ Assume that (H 1 )-(H 4t ) and 

( H 5 ) min!<i< n {n,} < mini<j< re {cj} and there exists a constant r 0 such that maxi<j<„ {y'} + 
L < r 0 , where 

n n -j- 

Vi = y^(aLj + b ij )(\fj(0)\+a j r o ), 11* = Y](a“ + &„)%, L= max {-}, 

£ Ki<n Cn 

3 =1 3 = 1 ~ ~ ~ 

£i = inf Cj(t), cf — sup Cj(f), I, = sup \Ii(t)\, f = l,2,...,n 

teT <GT tGT 

hold, then system (EO has a unique weighted pseudo-almost periodic solution in the region 

E = {ip £ PAP(T, R n , u) : IMloo < r 0 }. 

Proof. For any given ip = (<pi, ip 2 , ■ ■ ■, ( fn) T £ E, consider the following equation 

n n 

= -<k(t)x i {t) + ^a ij (t)f j (<p j {t)) + '^2bi j (t)f j ((p j {t-'y ij )) + I i (t), i = 1,2,...,n (5.1) 

3 =1 3= 1 
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and its associated homogeneous equation 


x^(t) =-Ci(t)xi(t), i = 1,2,... ,n. (5.2) 

It follows from (H 3 ) and Lemma [4.21 that (15. 2\i admits an exponential dichotomy. By Lemma 
13.41 we have 

F(t) := (F 1 (t),F 2 (t),F n (t)) T G PAP( T, W 1 , u), 

where 


F i(t) = X "uCyr.ii'r'A 1 )) + X - in)) + u(t), % = 1,2,..., n. 

3 = 1 j=l 

By Theorem 14.21 we know that system (15.Tj) has exactly one weighted pseudo-almost periodic 
solution 


x v (t)= / X(t)X ((t(s))F(s)As = (x^(t),...,x Vn (t)) , 


where 


x vi ( t )= e-c.(t,a(s))Fi(s)As, z = l,2, ...,n. 

J — OO 

Dehne a nonlinear operator on E by 

&(¥>)(*) = ( x <pi (t),---, x <Pn(t)) T , W? e E. 

For any given ip G E, by conditions (Hi) — (L/5), we have 


sup |x^(t)| = sup 

teT teT 


< sup 

teT 


e -ci(t, <t(s)) ( 5Z(aij(s)/j(^j(s)) + bi j (s)f j (ip j (s - 7 ij))) + /i(s) As 


j=i 


< sup 
teT 


' —OO 

rt 


e -c i (t, cr(s)) ( ^2(aijfj(<Pj(s)) + b ij f j ((p j (s - 7 ij)))) As 


i=i 


Ji 

+ A 

Ci 


e-dt, a(s)) ( ( I fj (0) | +®j\<Pj( s ) I ) 


3=1 


X (I ^ (°) I + a 3 1 ( s - ) I) ) As 


3 = 1 


< sup 
teT 

< = + L 1 < r 0 , i = 1, 2,..., n. 

Ci 


k 

Ci 


e -£i(tj a ( s )) ( XI hi(l/i(°)l + «i r o) +6ii(|/j(0)| +ajT 0 )] ) As 
i=i 


+ 


Ci 


Hence || < L(^)|| 0 o = maxi<j< n sup tgT |x ¥ ,.(i)| < r 0 . Therefore, $(E) C E. 
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Taking p, if G E and combining conditions (Hi) and (H 5 ), we obtain that 
sup \x^(t) ~ 


teT 


= sup 
teT 


f e-c i (t,(r(s))('Y^aij( 

J-oo \ j=1 


fj(<Pj(s)) ~ fj(i’j(s)) 


^2 b a( s ) 

3 = 1 

rt 


fj(Pj(s - 7 ij)) - fjiipjis - 7 a)) 


As 


< sup 

teT 


e_ Ci (t,a(s))( ^a ii (s)a i |^ i (s) - V’j(s)! 


i=i 


n \ 

+ 6 u( s ) a il^'( s _ 7*i) - Vh( s - 7y)l ) As 
j=i ' 


< sup 

teT 

< — 11 ^-V’lloo < \\<P 
Ci 


e -ci(t, a(s)) f ^2(aij + bij)aj J As 
V j=1 J 




J, i = 1,2,... ,n. 


(5.3) 


From (15.3J) , we obtain 


||<F(V?) - <F(^)||oo = max sup ||x w (t) - ar^Wlloo < \\F - V’lU- (5-4) 

l<i<n teT 

By (15.4F we see that <h is a contraction mapping from E to E. Since E is a closed subset of 
PAP(T , M n , u), <h has a hxed point in E , which means that system (II.ip has a unique weighted 
pseudo-almost periodic solution in the region E = {p G PAP(T, R n , u) : ||^||oo < r 0 }. This 
completes the proof. | 


Corollary 5.1. If conditions (Hi)-(Hf) and (H 5 ) hold. Furthermore, assume that lj(z = 
1,2 are almost periodic functions, then system (11.11) has a unique almost periodic 
solution in the region E = {p e AP(T,R ?1 ) : 11<^?||oo < r o}- 

Corollary 5.2. If conditions (Hi)-(H 3 ) and (H 5 ) hold. Furthermore, assume that I^i = 
1,2 ,...,n) are pseudo-almost periodic functions, then system (11.ip has a unique pseudo- 
almost periodic solution in the region E = {p e PAP(T, R n ) : < r 0 }. 


6 Exponential stability of the weighted pseudo-almost 
periodic solution of cellular neural networks on time 
scales 

In this section, we derive sufficient conditions for the exponential stability of weighted 
pseudo-almost periodic solutions of (II. lh . 
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Theorem 6 . 1 . Suppose that hold, then system (11.11) has a unique weighted pseudo - 

almost periodic solution which is globally exponential stable. 

Proof. According to Theorem 13.11 for u G U^, we know that (11.11) has a weighted pseudo- 
almost periodic solution x*{t ) = (xl(t), x^ft),..., x* (t)) T with the initial value g>*(t) = 

Suppose that x(t) = (x 1 (t),x 2 (t),... ,x n (t)) T is an arbitrary so¬ 
lution of (11.11) with the initial value tp(t) = ((^(t), <p 2 (t), ■ ■ ■, <^n(t)) T . Then it follows from 
system ( 11 . 11 ) that 


uf (s) + Ci(s)Ui(s) 


'y ] a ij( s ) 

3= 1 


fjMs) + y*(s)) - )) 

/iK(s - in) + yfa - t ij)) - fj(y*j( s - 7'*)) 
where Ui(s) = Xi(s) — x*(s) and i — 1 , 2,..., n, the initial condition of ( 16 . 11 ) are 


3= 1 


( 6 . 1 ) 


Vf(s) = - 7 >*(s), s 6 (- 7 , 0 ]i, i — 1,2,... ,n. 

Let Hi and Hj be defined by 


n 

Hi(e) = Ci — e — OLj{afj exp(esup y(s)) + bij exp (e(y + sup /z(s)))), 

• 1 sET sET 

J =1 

where i — 1, 2,..., n, e G [0, +oo). By (H 5 ), we get 

n 

y "h )oij Cj n 4 >0, z 1,2,..., zz. 
l=i 

Since H i: i — 1, 2,..., n are continuous on [0, +oo) and ifj(e) —* — oo as e —> +oo, there exist 
Ci> 0 such that H^ef) = 0 and ifj(e) > 0 for e G (0, ef). By choosing e = min {ej}, we have 

l<i<n 

Hi{e) > 0, i — 1,2,..., n. So, we can choose a positive constant 0 < A < min {e, min {c*}} 
such that Hi( A) > 0, z = 1, 2,..., n, which implies that 


Ci - A L . , 

— L 3 =1 


y aijOtj exp(A sup /i(s)) + \~' b^aj exp (A( 7 +sup y(s))) 

sET . 1 sET 


Multiplying (16. ip by e_ Ci (t 0 , cr(s)) and integrating on [t 0 ,t]T, for z 


< 1 , i — 1 , 2 ,..., n. ( 6 . 2 ) 
= 1 , 2 ,..., rz, we obtain 


Ui(t) = Ui(t 0 )e- Ci (t,t 0 ) + / e_ Ci (t,cr(s))( \'a i j(s) 

I to V j=1 


n 


fjMs ) + z/*(s)) - fj(y*(s)) 
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3 = 1 


fj(uj(s - 7 ij) + y*(s - 7 ij)) - fj(yj(s - 7 ij)) 


As. 


(6.3) 


Let M = max { —-—}, by (H 5 ) we have M > 1. Thus 

l<i<n V 'TTy- 
j = l 


7 dijOtj exp(A sup //(s)) + bijCXj exp (A (7 + sup p(s))) 
' seT f ' sgt 

3 = 1 


AT q - A L 

— L j=i 


< 0. 


It is easy to see that 

\ui(t)\ = |V>i(*)| < Halloo < Me e x(t, t 0 ) Halloo, t G [—v, 0]t, i = 1,2,..., n, 
where A G 7?. + is the same as that in (16.21) . which implies that 

||x(t) - x*(t)\\ = max {|ui(t)|} < Me eA (t,to)||V ; ||oo, tG[-u,0] T . 

l<i<n 

Next, we claim that 

||z(t) - x*(t) || < Me ex (t, t 0 ) IMU, Vt G (0,+oo) T . (6.4) 

In order to prove (16.4ft . we hrst show for any p > 1, the following inequality holds 

||x(f) - x*(t)\\ < pMe eA (t,to)IM|oo, Vt G (0, +oo) T . (6.5) 

If (16.5ft is not true, then there must be some t\ G (0, +oo)t, C > 1 and some k such that 

||x(fi) - x*(t 1 )\\ = \xkih) - a£(ti)| = CpMeQx(ti,to)\\'ip\\ 00 (6.6) 

and 


||z(t) — z*(t)|| < CpMe eX (t, t 0 ) Halloo, Vt G [-u,fi] T . 
By (16.3ft - (16.7ft and (H 2 )-(H 5 ), we obtain 

rti 
f t 0 


( 6 . 7 ) 


\U- 


:(ti)| < e_ Ci (ti,t 0 )||^||oo + / CpM\\'ip\\ 00 e- Ci (ti,a(s))l^2a ij a j e e x(s,to) 


3 = 1 


+ b tj aje e x(s - 7 ^, f 0 ) J As 
j=i ' 

< CpMe eX (ti,t 0 . 


(*t 1 


CpM 


e_c i (ti,to)e e A^o,ii) + / e_ Ci (ti, cr(s))e A (ti, a(s))) 


'^0 


✓ n n \ 

x ( « 7 a i e ©A(s, o-(s)) + %<x,e eA (s - 7 , a(s)) j As 

V j=i j=i ^ 
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< CpMe eX {ti,t 0 )\\ilj\\ool —e_ Ci 0 A (ti,t o ) + Q'j exp (A sup n(s)) 

L \ j = i *eT 

+ hi i a i exp ( A (^ + sup M s ))) ) / e -Ci© a(H ) O’ ( S ))A, 


i=i 

< CpMe eX (ti,t 0 


se T 


/^O 


^ X] exp (A sup /i(s)) 


) bijCtj exp (A (7 + sup /i(s))) 
j=i ' seT 


< CpMe e \(ti, to)\\'ip\\< 


I OO 1 J\ /T \ 

q — A 

exp (A(7 + sup /i(s))) 


+ 


j=i 

1 


sGT 


1 ~ e -Cj©A(^l ,tp) 

Q - A 

n 

'y^/aijaj exp(A sup p(s)) 

3= 1 

e -Ci®A(^l Ao) 


sGT 


) a^aj exp(A sup /i(s)) + \ ^ b^aj exp (A (7 + sup /j(s))) 

3=1 ' S£T j =1 ' S£T 


Q - A 

— •j=i j=i - - 

< CpMe eX {h, t 0 ) Halloo- (6.8) 

(16.8p implies that 

|x fc (ti) - ^(ti)| < CpMe eX (ti, t 0 ) Halloo, Vfc G {1,2,.. .,n}, 

which contradicts (16. 6p . and so (16.51) holds. Letting p —> 1, then (16.4p holds. Hence, the 
weighted pseudo-almost periodic solution of system (11.11) is globally exponentially stable. 
The global exponential stability implies that the weighted pseudo-almost periodic solution is 
unique. | 


Corollary 6.1. If conditions and (Lfs) hold. Furthermore, suppose that /j(z = 

1,2, ...,n) are almost periodic functions, then system (11.11) has a unique almost periodic 
solution which is globally exponential stable. 

Corollary 6.2. If conditions (Hi)-(Hf) and (H 5 ) hold. Furthermore, suppose that Jj(f = 
1,2, ...,n) are pseudo-almost periodic functions, then system (ED has a unique pseudo- 
almost periodic solution which is globally exponential stable. 


7 Numerical examples 

Consider the following neural network: 

2 2 

x?{t) = -Ci(t)xi(t) + ^ a i j {t)f j {x j (t)) + '%2b ij (t)f j {x j {t - 7 ij)) + Ii(t), i = 1,2, (7.1) 

3= 1 3= 1 
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where /i(x) = / 2 ( x ) = ^f+3 an d the weight u = § + e-M. 


Example 7.1. Tafce T = M and 

Ci(t) = 11 + | cos(\/2£)|, C 2 (t) = 12 — | sin 11, 

h(t) = j- (sin £ + sin(t + ^)), I 2 (t) = ^(sin t + sin( j + y/2 £)), 

16 6 8 4 


15 I 


cost I 


cost I 


(»«(*))“={liiodi liiJl )• = (iitii ii+ti 

Let 7 = 1,2) be real numbers, then (H 2 ) — (i/ 4 ) hold. Let «i = ct 2 = then ( Hi) holds. 

Next, let us check ( H 5 ), if we take ro = 1, then 


{ Vi V2 X . T 1064 y/2 r,z.aa ^ i 

max \ —, — \ + L — - 1 -- 0.566 < 1 = r 0 

Ci c 2 ” ” 


2772 + 44 


and 


, „ . r 152 165. 152 

maxjll!, n 2 ) = max { —, — } = — < 11 = minjci, £ 2 ). 


Thus, (H 5 ) holds for r 0 = 1. Now, by Theorem \5 . 1\ and Theorem \6 . li system (17.11) has a unique 
weighted pseudo-almost periodic solution in the region E — {ip e PAP{Y, M?,u) : || + ||oo < 1}, 
which is globally exponential stable. 

Example 7.2. Take T = Z and 

Ci(t) = 0.9 — 0.11 sin(v / 3£)|, c 2 (t) = 0.8 + 0.1 cos 2 1, 

/i(t) = — (3sint + VS cost), I 2 (t ) = — (\/ 2 sin£ + \/ 2 cost + 2 sint), 

32 64 

/ /,u _ / 71 sin 11 7 sin 2 1 \ _ / l|sint| ^cos 2 t \ 

(“ w( )) 2X2 (+|cost| i|sin(V 2 t)| J’ (6,j( )>2X2 I 4 |sin(| i|cosf|| 

Let 7 ji(i,j = 1,2) 6 e arbitrary nature numbers, then (L7 2 )-(Lt 4 ) hold. Let 07 = a 2 = 1, t/ien 
(iLi) holds. Next, let us check (L7 4 ), if we tafce r 0 = 1, t/ien 


r Vi 72 i , r 665 5 

1 ci ’ c 2 J 2016 16 


0.642 < 1 = r 0 


and 


19 31 19 

max-flL,IE} = max |-,-} = - < 0.8 = min-fci, c 2 \. 


168’ 336 

Thus, (H 5 ) holds for r 0 = 1. Now, by Theorem ] 5. 1\ and Theorem \6.1\ system (17. ip has a unique 
weighted pseudo-almost periodic solution in the region E — {<p e PAP{T, Mf,u) : || + ||oo < 1}, 
which is globally exponential stable. 
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